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Abstract
An interaction between dark matter and dark energy, proportional to the product of their energy
densities, results in a scaling behavior of the ratio of these densities with respect to the scale factor
of the Robertson-Walker metric. This gives rise to a class of cosmological models which deviate from
the standard model in an analytically tractable way. In particular, it becomes possible to quantify
the role of potential dark-energy perturbations. We investigate the impact of this interaction on the
structure formation process. Using the (modified) CAMB code we obtain the CMB spectrum as well
as the linear matter power spectrum. It is shown that the strong degeneracy in the parameter space
present in the background analysis is considerably reduced by considering Planck data. Our analysis
is compatible with the ΛCDM model at the 2σ confidence level with a slightly preferred direction of
the energy flow from dark matter to dark energy.
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I. INTRODUCTION
According to the currently most favored cosmological model, the ΛCDM model (Λ de-
notes the cosmological constant, CDM stands for cold dark matter), our observable Universe
is geometrically flat and “normal”, i.e. baryonic, matter is only responsible for about 4-5%
of its content. Most of the Universe is composed of two exotic “fluids”: dark matter (DM)
and dark energy (DE). Neither of these exotic components can be observed directly so far,
but there are arguments that support their existence. DM explains galaxy rotation curves
and plays a crucial role in cosmic structure formation. DE is seen as an effective fluid with
negative pressure, possibly associated with the quantum vacuum. This “fluid” is able to
account for the accelerated expansion of the scale factor of the Robertson-Walker metric
of the standard model. Even being a model with observational success, the ΛCDM model
leaves open the physical nature of these dark components. Moreover, there are a number of
tensions which still await clarification (see, e.g., [1]). There is therefore ongoing interest in
discussing and probing alternative approaches which differ in one or more aspects from the
ΛCDM dynamics. One line of research does no longer regard DM and DE to be independent
components with separate energy-momentum conservation but investigates the consequences
of a more complex structure of the dark sector, modeled by an interaction between its princi-
pal constituents. Admitting the possibility of a non-gravitational coupling between DM and
DE is, of course, the more general case which gives rise to a richer cosmological dynamics. In
particular, this generalization implies the existence of DE perturbations, even for cases of an
equation-of-state (EoS) parameter wΛ = −1, sometimes called decaying vacuum models [2–8].
It has been pointed out that ignoring DE perturbations may result in unreliable conclusions
concerning the interpretation of observational data [9]. For further studies about clustering
DE see, e.g., [10–13]. Ignoring a potential interaction between both dark components alto-
gether, may result in an incorrect interpretation of cosmological data [14]. Many models have
been established by now which consider different types of interactions [15–20]. Some more
recent studies include [21–37]. All of them are phenomenological since the physical nature
of the dark sector largely remains a matter of speculation. In most cases interactions are
assumed to be linear in the sense that the coupling terms in the energy-momentum balances
of the components are proportional either to the DM density or to the DE density or to a
linear combination of both densities (see, e.g., [25, 35, 36]). There exists a large body of
literature which studies such models, usually resulting in limits on the type or the strength
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of the interaction. Now, from a physical point of view it seems more natural to prefer an
interaction that depends on the product of the abundances of the individual components,
as, e.g., in chemical reactions. It was shown in [21] that a coupling proportional to the
product of the densities of DM and DE is also observationally favored over linear models.
Further recent studies of non-linearly interacting DE models are [34] and [37]. Systems with
non-linear interactions do not allow, in most cases, an analytic treatment, not even for the
homogeneous and isotropic background. Here we consider the special case of a non-linear
interaction for which there exists an analytic background solution. While the existence of
such analytic solution is important in itself, we emphasize its usefulness in setting up the
system of equations for the perturbation dynamics about this background. This solution will
be characterized by a single additional parameter the value of which serves to quantify and to
restrict potential differences from the ΛCDM model in a simple and transparent way. Using
a suitable modification of the CAMB code [38] we focus on the implications of the coupling
on the anisotropy spectrum of the cosmic microwave background (CMB) and on the (total)
matter power spectrum. This complements and extends previous work on the status of the
non-linear model using large-scale-structure data [30]. In this context we also point out that
the simple use of the position of the first acoustic peak in the CMB anisotropy spectrum,
something which was occasionally done in the literature, is not a reliable criterion in assessing
competing cosmological models.
The structure of the paper is as follows. In Sec. II we present the basic set of fluid
dynamical equations both for the background and for the first-order perturbation dynamics
of a multi-component cosmic medium. This system is applied to our model with non-linear
interactions in the dark sector in Sec. III. The subsequent Sec. IV is devoted to the numerical
and statistical analysis of our model. Sec. V summarizes and discusses our results.
II. COSMOLOGY WITH INTERACTION IN THE DARK SECTOR
A. General equations
We consider a spatially flat universe with a perturbed Robertson-Walker (RW) metric
which reads, up to first order in the perturbations and in the synchronous gauge,
ds2 = a2
[−dτ2 + (δij + hij) dxidxj] . (1)
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Here, a is the scale factor and τ is the conformal time. Restricting ourselves to scalar
perturbations, the first-order quantity hij has two scalars degrees of freedom h and η according
to [39],
hij (τ, ~x) =
∫ {
e−i~k·~x
[
kˆikˆjh
(
τ,~k
)
+
(
kˆikˆj − 1
3
δij
)
6η
(
τ,~k
)]}
d3k. (2)
We assume that the cosmic substratum is composed of a set of components that may or
may not interact with each other. Each component, characterized by a subindex x, will be
treated as a perfect fluid with an energy-momentum tensor
Tµνx = ρxu
µ
xu
ν
x + pxh
µν
x , (3)
where uµx is the x-component’s four-velocity and h
µν
x = u
µ
xuνx + g
µν is a projection tensor
orthogonal to the four-velocity. ρx and px are energy density and pressure, respectively, of
component x. Quantities without subindex x will refer to the total fluid.
Like the metric tensor, the other dynamical quantities can be split into a sum of a zeroth-
order term (denoted by a bar) and a first-order term (denoted by a hat). Since zeroth-order
quantities live in a homogeneous and isotropic background, the dynamical quantities are
ρx (τ, ~x) = ρ¯x (τ) + ρˆx (τ, ~x) ;
px (τ, ~x) = p¯x (τ) + pˆx (τ, ~x) ;
uµx =
1
a
(
1, ∂ivˆx
)
.
(4)
In the last relation, the spatial perturbation of the four-velocity was written as a divergency
of a scalar function, known as peculiar velocity potential.
The total energy-momentum tensor is the sum of all the individual energy-momentum
tensors. If a certain component interacts with one or more of the remaining components, its
energy-momentum balance is affected by an interaction term Qµx,
∇µTµνx = Qνx. (5)
Since we assume that gravity is described by general relativity (GR), the total energy-
momentum tensor must be conserved, i.e, the interaction terms must satisfy the relation
∑
x
Qµx = 0. (6)
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The interaction term is split in a similar way as the quantities in equation (4),
Qµx (τ, ~x) = Q¯
µ
x (τ) + Qˆ
µ
x (τ, ~x) . (7)
Following [55], is convenient to decompose this interaction Qµ into two terms: a term parallel
to the four-velocity, and a term orthogonal to the four-velocity,
Qµx = Qxu
µ
x + Fˆ
µ
x , where Fˆ
µ
x uxµ = 0. (8)
The temporal component of the interaction term is associated to the energy transfer, and
its spatial component to the transfer of momentum. Spatial homogeneity implies that the
spatial component of the background interaction term must be identically zero.
Under these conditions the background dynamics is described by Friedmann’s equations,
H2 = 8piGa
2
3
ρ, (9)
H′ = −4piGa
2
3
(ρ+ 3p) , (10)
while the first-order perturbation equations are
k2η − 1
2
Hh′ = −4piGa2ρˆ, (11)
η′ = −4piGa2 (ρ¯+ p¯) v, (12)
h′′ + 2Hh′ − 2k2η = −8piGa2pˆ, (13)
h′′ + 6η′′ + 2H (h′ + 6η′)− 2k2η = −24piGa2 (ρ+ p)σ, (14)
where the prime denotes the derivative with respect to the conformal time, H ≡ a′a is the Hub-
ble parameter with respect to the conformal time and σ is a quantity that can be associated
with the anisotropic stress [39].
The energy balance for each of the components can be obtained by the projection of the
covariant derivative of the energy-momentum tensor on the four-velocity. In zeroth order we
assume the rest frames of the components to coincide. For the zeroth-order energy balances
we have
ρ¯′x + 3H (1 + wx) ρ¯x = aQ¯x, (15)
where wx is the background equation-of-state (EoS) parameter
wx ≡ p¯x
ρ¯x
. (16)
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The first-order equation is
ρˆ′x + 3H (ρˆx + pˆx)− (ρ¯x + p¯x)
(
k2vx +
h′
2
)
= aQˆx. (17)
The momentum conservation is obtained by the projection of the covariant derivative or-
thogonal to the four-velocity. As already mentioned, the background momentum balance is
identically zero, thus, the momentum contributes only in first order. It reads
[(ρ¯x + p¯x) vx]
′ + 4H (ρ¯x + p¯x) vx + pˆx = a
(
Q¯xvx + fˆx
)
. (18)
Here, the scalar function fˆx was introduced via,
Fˆ ix =
1
a
∂ifˆx. (19)
The adiabatic sound speed is defined by
c2(a)x =
p¯′x
ρ¯′x
= wx +
w′xρ¯x
ρ¯′x
. (20)
To characterize the propagation of perturbations we introduce the comoving sound speed
c2(s)x =
pˆ
(c)
x
ρˆ
(c)
x
, (21)
where pˆ
(c)
x and ρˆ
(c)
x are the gauge-invariant comoving perturbations of pressure and energy
density, respectively:
pˆ
(c)
x = pˆx + p¯
′
xvx, (22)
ρˆ
(c)
x = ρˆx + ρ¯
′
xvx. (23)
An alternative way to write the pressure perturbations is
pˆx = c
2
(s)xρˆx +
(
c2(s)x − c2(a)x
)
ρ¯′xvx. (24)
The density contrast of component x will be described by
δx ≡ ρˆx
ρ¯x
⇒ δ′x =
ρˆ′x
ρ¯x
− ρ¯
′
x
ρ¯x
δx. (25)
Now, using the definitions (16), (20), (21) and (25), the first-order energy balance (17) in
the k-space becomes
δ′x + 3H
(
c2(s)x − wx
)
δx
− 9H2 (1 + wx)
(
c2(s)x − wx
)
vx − (1 + wx)
(
k2vx − h
′
2
)
+ 3Hw′xvx
=
a
ρ¯x
Qˆx − aQ¯x
ρ¯x
[
δx + 3H
(
c2(s)x − wx
)
vx
]
, (26)
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while the momentum balance (18) yields,
v′x (1 + wx) +H
(
1− 3c2(s)x
)
(1 + wx) vx + c
2
(s)xδx
=
aQ¯x
ρ¯x
[
v −
(
1 + c2(s)x
)
vx
]
− a
ρ¯x
fˆx. (27)
These equations hold separately for each component. We shall model now the content of the
Universe as a four-component fluid, consisting of radiation (index r), baryonic matter (index
b), CDM (index c) and DE (index Λ). We assume that there is an interaction between the
dark components with (cf. (6))
Qµ = QµΛ = −Qµc , (28)
while baryons and radiation behave in the same way as in the ΛCDM model. Neither baryons
nor photons couple directly to DE and DM. They interact with each other via Thomson
scattering before recombination. Thus, the equations for these two components are the well-
established Boltzmann equations of [39]. For the dark sector we use the fluid eqs. (26) and
(27) since a microscopic description of DE and DM with corresponding Boltzmann equations
is not yet available.
B. Dark sector perturbations
Now we apply equations (26) and (27) to the CDM and DE components. For a constant
EoS parameter of the DE component this parameter coincides with the adiabatic sound speed.
Under this condition the DE energy balance becomes
δ′Λ + 3H
(
c2(s)Λ − wΛ
)
δΛ
− 9H2 (1 + wΛ)
(
c2(s)Λ − wΛ
)
vΛ − (1 + wΛ)
(
k2vΛ − h
′
2
)
=
a
ρ¯Λ
Qˆ− aQ¯
ρ¯Λ
[
δΛ + 3H
(
c2(s)Λ − wΛ
)
vΛ
]
(29)
and the momentum balance reduces to
v′Λ (1 + wΛ) +H
(
1− 3c2(s)Λ
)
(1 + wΛ) vΛ + c
2
(s)ΛδΛ
=
aQ¯
ρ¯Λ
[
v −
(
1 + c2(s)Λ
)
vΛ
]
− a
ρ¯Λ
fˆ . (30)
The analysis of the DE dynamics has to be performed separately for the cases wΛ = −1 and
wΛ 6= −1. Equation (30) shows that for wΛ = −1 the DE peculiar velocity is not a dynamic
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variable. Then, this equation can be used to determine fˆ explicitly in a model-independent
way,
fˆ =
c2(s)ΛρΛ
a
δΛ − Q¯vˆ. (31)
This result will be used later in the CDM equation. For wΛ = −1 the DE energy balance
takes the form
δ′Λ + 3H
(
c2(s)Λ + 1
)
δΛ =
a
ρ¯Λ
Qˆ− aQ¯
ρ¯Λ
[
δΛ + 3H
(
c2(s)Λ + 1
)
vΛ
]
. (32)
In the second case,wΛ 6= −1, the DE peculiar velocity is dynamically relevant and equation
(30) must be solved to determine the temporal evolution of vΛ. There is no way to determine
the perturbation of the spatial interaction term as in the previous case. Therefore, we restrict
ourselves to fˆ = 0. The energy balance is again given by equation (29), while the momentum
balance simplifies to
v′Λ (1 + wΛ) +H
(
1− 3c2(s)Λ
)
(1 + wΛ) vΛ + c
2
(s)ΛδΛ
=
aQ¯
ρ¯Λ
[
v −
(
1 + c2(s)Λ
)
vΛ
]
. (33)
The CDM component is characterized by wc = 0 with negligible pressure perturbations.
Using the definitions (20), (22) and (21) one concludes that c2(a)c = cˆ
2
(s)c = 0. Its perturbative
energy balance is
δ′c − k2vc +
h′
2
= − a
ρ¯c
Qˆ+
aQ¯
ρ¯c
δc. (34)
The perturbative CDM momentum balance is affected by the fˆ term. For wΛ = −1 use of
(31) provides us with
v′c +Hvc = −
aQ¯
ρ¯c
(v − vc) + a
ρ¯c
fˆ , (35)
where fˆ is given by equation (31).
In the second case with fˆ = 0 the perturbative momentum balance reduces to
v′c +Hvc = −
aQ¯
ρ¯c
(v − vc) . (36)
Our relations so far are valid for any cosmological model consisting of an effective DE fluid
which may interact with pressureless DM as well as of baryons and radiation, both the latter
being treated as in the standard model [39]. In the following we shall consider a specific
configuration which is analytically solvable in the homogeneous and isotropic background and
can be understood as the consequence of a coupling between DM and DE that is proportional
to the product of the energy densities of both dark components.
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III. SCALING COSMOLOGY MODEL
Our model of interest in this paper relies on a scaling behavior of the ratio of the energy
densities of DM and DE. It can be demonstrated that it is this dynamics which is generated
by an interaction term proportional to the product of the densities of DM and DE. Following
[30], we start by introducing a covariant length scale l by [40]
l˙
l
=
1
3
Θ, l˙ ≡ l,αuα. (37)
We are looking for a class of models for which the ratio of the energy densities of CDM and
DE obeys a power law with respect to this length scale,
r =
ρ¯c
ρ¯Λ
= r0l
−ξ ⇒ r˙
r
= −ξ
3
Θ. (38)
These models are characterized by the free parameter ξ. Note that in a homogeneous and
isotropic Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) space-time the expansion scalar is
equal to three times the Hubble parameter and the length scale l coincides with the scale
factor a of the RW metric. Relation (38) covariantly generalizes the model by Dalal et al.
[41] which was restricted to the background dynamics. Different properties of this model
and its observational consequences have been investigated in [42–45]. Based on the covariant
generalization (38) we are able to study the perturbation dynamics of the scaling model. The
ΛCDM model is recovered as the special case Θ = 3aH, wΛ = −1, and ξ = 3.
A. Background equations
The ansatz (38) induces an interaction between CDM and DE. According to (15) with
(28), their background energy balances take the form
ρ¯′c + 3Hρ¯c = −aQ¯, (39)
ρ¯′Λ + 3H (1 + wΛ) ρ¯Λ = aQ¯. (40)
Combining the equations (38), (39) and (40) and solving for the background interaction term
yields
Q¯ = −3Hρ¯cρ¯Λ ξ/3 + wΛ
a (ρ¯c + ρ¯Λ)
. (41)
A non-linear interaction of this type induces a scaling (38) of the ratio of the energy densities.
This coupling is proportional to the product of the energy densities of the interacting com-
ponents which we consider to be more “realistic” than most of the other interacting models
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with interactions just linear in the energy density of the components. It is only in the limit
ρ¯(c)  ρ¯(Λ), i.e. at high redshift, that one approaches a linear dependence Q¯ ∝ −3Hρ¯(Λ)/a
which is the preferred model in many studies in the field [23, 26, 35, 36] . Obviously, the
interaction vanishes for ξ/3 + wΛ = 0.
Integrating equations (39) and (40), we obtain the analytic solutions
ρ¯c = ρ¯c0a
−3
(
Ωc0 + ΩΛ0a
ξ
Ωc0 + ΩΛ0
)−1−3wΛ/ξ
, (42)
ρ¯Λ = ρ¯Λ0a
−3+ξ
(
Ωc0 + ΩΛ0a
ξ
Ωc0 + ΩΛ0
)−1−3wΛ/ξ
. (43)
The Friedmann equation (9) then provides us with an expression for the Hubble rate,
H2 = 8piG
3
a2
[
ΩΛ0 + Ωc0
a3(1+wΛ)
(
ΩΛ0 + Ωc0a
−ξ
ΩΛ0 + Ωc0
)−3wΛ/ξ
+
Ωb0
a3
+
Ωr0
a4
]
. (44)
The present value H0 of the Hubble rate is, as usual, conveniently parametrized by H0 =
H0 = 100h kms
−1Mpc−1.
With (44) the background dynamics is explicitly known. Obviously, the existence of
an analytic expression for the background Hubble rate will be useful in dealing with the
perturbation dynamics.
B. Perturbations equations
To solve the first-order dynamics, an explicit expression for the perturbed interaction is
required. As already mentioned, the spatial term has the model independent form (31). For
the temporal term Qˆ we assume that the background relation (41) is valid in general, thus
on the perturbed level,
Qˆ =
(
ρ¯cρ¯Λ
ρ¯c + ρ¯Λ
)
(wΛ + ξ/3)
[
Θˆ +
3H
a (ρ¯c + ρ¯Λ)
(ρ¯cδΛ + ρ¯Λδc)
]
, (45)
where, following [46], the first-order expansion scalar is,
Θˆ = −1
a
(
k2v +
h′
2
)
. (46)
The complete set of equations for the dark-sector perturbations is obtained by inserting (45)
for Qˆ into the first-order balance equations. For the case wΛ = −1 we combine (45) and (46)
with the equations (32), (34) and (35), for the case wΛ 6= −1 the expressions (45) and (46)
are combined with equations (29), (33), (34) and (36).
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Many papers in the literature neglect the perturbations of DE and of the interaction term,
taking δ(Λ) = fˆ = Qˆ = 0. Here we take into account these perturbations and we shall quantify
their impact on the CMB power spectrum within a statistical analysis.
IV. NUMERICAL ANALYSIS
The formalism described above can be used now to test the scaling cosmology model
against the observational data. The main motivation of this chapter is to compare the
parameter selection obtained by background tests using SNe Ia data from the JLA sample
[47] and baryon acoustic oscillations (BAO) data from 6dFGS[48], SDSS [49], BOSS CMASS
[50] and the WiggleZ survey [51], with a perturbative test using the CMB power spectrum data
from Planck [52]. In the simplified analysis of this paper we focus on the impact of variations
of the parameter ξ on the spectrum. Because of computational limitations, we restricted our
analysis to the case wΛ = −1. We shall include, however, a qualitative discussion of how the
spectrum changes for wΛ 6= −1. The SNe Ia and BAO analysis are based on
χ2(θ) = ∆y(θ)TC−1∆y(θ) , (47)
where ∆y(θ) = yi − y(xi; θ) and θ are the free parameters. The y(xi|θ) represent the theo-
retical predictions for a given set of parameters and C is the covariance matrix that in the
case of JLA is given in [47]. In the case of the BAO analysis, 6dFGS, SDSS and BOSS
CMASS data are mutually uncorrelated and they are also not correlated with WiggleZ data.
However, we must take into account correlations beetween WiggleZ data points given in [51].
A proper CMB analysis using the Planck likelihood of [53] will be provided elsewhere. Here,
we tentatively ignore all the details of the Planck likelihood and rely on a simple χ2 analysis
in order to get an idea of how a varying ξ influences the spectrum. Since we are modifying
only the dark sector, we have θ = {Ωc0, h, ξ}. Moreover, in the CMB spectrum analysis we
preliminarily fix the set of parameters {Ωb0, τ, As, ns}, where τ is the optical depth, As is
the initial perturbation amplitude and ns is the spectral index, using the best-fit values for
the TT+low P+lensing results of the ΛCDM model in [52]. In a more complete future study
these parameters, in particular As and ns, will have to be considered as free parameters as
well. In the entire analysis, the Hubble rate h is left free but at the end it is marginalized in
order to obtain Ωc0 − ξ contour curves.
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A. SNe Ia
As is well known, SNe Ia tests are using the luminosity distance modulus
µ = 5 log [dL (z)] + µ0 (48)
with µ0 = 42.384− 5 log (h), where dL is the luminosity distance
dL (z) = (z + 1)H0
∫ z
0
dz˜
H (z˜)
. (49)
Here we extend a previous analysis [30] by including a separately conserved baryon com-
ponent using the Hubble parameter (44). This confirms that the SNe Ia analysis does not
satisfactorily constrain the interaction parameter ξ, i.e., the luminosity distance modulus
is not very sensitive to this parameter. The results of our analysis are shown in FIG. 1
(continuous curves).
0.0 0.5 1.0 1.5
36
38
40
42
44
46
�
μ
SNe Ia (JLA)
0.0 0.1 0.2 0.3 0.4 0.5 0.6
2
4
6
8
Ω��
ξ ΛCDM
Best fit
FIG. 1: Left panel: luminosity distance modulus for different values of ξ with best-fit values for Ωc0
and h. The curves demonstrate that the SNe Ia test is not well suited to constrain the parameter ξ.
Right panel: continuous contour lines (1σ, 2σ and 3σ) resulting from the SNe Ia analysis and dashed
contour lines (1σ, 2σ and 3σ) resulting from the BAO analysis, both with three free parameters (Ωc0,
ξ and h). Here we marginalized over h. The best-fit values of the joint analysis are Ωc0 = 0.261±0.0280.029
and ξ = 3.02±0.390.40 (1σ).
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B. BAO
Our BAO-data analysis is based on the estimator rs(zd)/DV (z). In oder to construct its
theoretical counterpart we compute the dilation scale DV (z) [54]
DV (z) =
[
(1 + z)2D2A(z)
cz
H(z)
]1/3
, (50)
where DA(z) = (1 + z)
−1r(z) is the angular diameter distance, r(z) is the comoving distance
to the redshift z
r(z) =
∫ z
0
dz˜
H (z˜)
(51)
and rs(zd) is the comoving sound horizon at the baryon-drag epoch zd.
rs(zd) = c
∫ ∞
zd
cs(z˜)
H (z˜)
dz˜ cs(z) =
1√
3
(
1 + 3Ωb04Ωr0 (1 + z)
−1
) . (52)
The results of the BAO analysis are shown in the right panel of FIG. 1 (dashed curves).
We observe that also BAO tests constrain the interaction parameter ξ weakly. A joint test
SNIa+BAO was also performed and results are shown in FIG. 3 (dashed curves).
C. CMB
In order to obtain the CMB power spectrum for our model, we modify the CAMB code
by implementing the perturbation equations (32), (34), (35), (45) and (46). To integrate the
equations, the initial conditions were fixed following [56], which are valid in the non-adiabatic
case and for more general sound speeds. It turns out that the CMB spectrum is much more
sensitive to the interaction parameter than the SNe Ia and BAO data.
Using CAMB recursively, we found the values for Ωc0 and ξ that best fit the Planck data.
The values for ξ are considerably stronger constrained than by the JLA and BAO data. Small
deviations from the ΛCDM model are still admitted which is in accordance with conclusions
based on large-scale structure data [30].
The upper panel of FIG. 2 shows the CMB spectrum for different values of the interaction
parameter ξ. For values of ξ substantially different from the ΛCDM value ξ = 3 the CMB
spectrum completely disagrees with the data even though the position of the first peak may
be correct. The lower panel of FIG. 2 shows the contour curves of the ξ-Ωc0 plane based on
the Planck data and a summary of our studies is presented in Table 1. The degeneracy of the
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Numerical results (±1σ)
Test Ωc0 h ξ
SNe Ia (JLA) + BAO 0.261±0.0280.029 0.701±0.0030.004 3.02±0.390.40
CMB (Planck) 0.2334±0.00380.0033 0.6901±0.00150.0019 3.052±0.0470.048
TABLE I: Numerical results
parameter ξ in the SNe Ia and BAO analysis is largely broken by the CMB analysis. This
becomes very evident in the superposition of contour curves in FIG. 3. The changes in the
CMB spectrum due to differences in the parameter ξ may be compared with the consequences
of other parameter changes (see [57]). On the largest scales, the ISW plateau is modified,
an effect that is also caused by a variation of ΩΛ0 in the standard model. On smaller scales,
a varying ΩΛ0 changes the positions of the peaks but not their heights. On the other hand,
the heights vary if the standard-model Ωc0 is changed. So, the variation of the height due
different ξ seems to indicate that there remains a degeneracy between Ωc0 and ξ. A variation
in the baryon fraction changes the heights in the opposite direction as the Ωc0 variation does.
Focusing on the first peak, there seems to be a similarity between changes in the baryon
fraction (see [58]) and changes in ξ. Increasing values of ξ influence the height in a similar
way as decreasing baryon fractions do. But for higher peaks this analogy does no longer hold.
Variations in ξ do not result in changes of the types that are induced by variations of As or
ns. A variation of the spectral index rotates the CMB spectrum and a variation of the scalar
amplitude increases or decreases the height of all peaks simultaneously [57]. None of these
effects is simulated by variations in ξ. This seems to indicate that our fixing of As and ns in
this preliminary analysis is not inconsistent. A movie that visualizes the impact of ξ on the
CMB spectrum can be found under [59].
D. Role of DE perturbations
Different from the ΛCDM model, any dynamical DE model is necessarily equipped with
inhomogeneities not only of the matter distribution but also of the DE component itself. Our
basic set of perturbation equations allows us to quantify the potential relevance of these DE
perturbations. To this purpose we compare the CMB power spectrum for the best fit values
of Ωc0, h and ξ for the general case with δΛ 6= 0, Qˆ 6= 0 and fˆ 6= 0 (our analysis so far)
with a simplified version of the model with an interaction only in the background, assuming
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FIG. 2: Top panel: CMB spectrum for different values of ξ with best-fit values for Ωc0 and h. The
curves demonstrate that parameter values admitted by the SNIa and BAO analysis may be inconsistent
with the CMB spectrum, even if the position of the first peak is approximately correct. Bottom panel:
contour lines (1σ, 2σ and 3σ) resulting from the CMB analysis with three free parameters (Ωc0, ξ and
h). Here we marginalized over h. The best-fit values are Ωc0 = 0.2334±0.00380.0033 and ξ = 3.052±0.0470.048.
vanishing DE perturbations, i.e., δΛ = Qˆ = fˆ = 0. As FIG. 4 shows, the power spectra
for both cases differ only very slightly at very large scales. On smaller scales which here
also include the scale of the first acoustic peak, we have identical results with and without
DE perturbations. This means, apart from the integrated Sachs-Wolfe effect, the essential
15
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FIG. 3: Contour lines (1σ and 2σ) for the combined CMB and SNIa+BAO analysis. Use of the CMB
data drastically reduces the degeneracy in the parameter ξ.
features of the CMB remain unaffected. For practical purposes this may justify the use of
a model with vanishing DE perturbations. The point is, however, that such a statement is
possible only after the corresponding calculation has been done.
In FIG. 5 we show how the spectrum for ξ = 3 changes if we deviate from wΛ = −1. For
a better visualization we used the drastically different values wΛ = −0.5 and wΛ = −1.5.
The position of the first peak does not change much, but the height does. The higher peaks
change both in height and position. Combinations of wΛ = −0.5 and wΛ = −1.5 with ξ = 2.5
and ξ = 3.5 lead to qualitatively similar results.
E. Matter power spectrum
Our analysis of the CMB perturbations constrains ξ to stay close to the ΛCDM value
ξ = 3. This complements the results of an earlier study based on large-scale structure data
[30]. Here we illustrate the change of the matter-power spectrum in dependence on ξ and
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FIG. 4: CMB spectrum for the analysis with three free parameters (Ωc0, ξ and h). The best-fit values
are Ωc0 = 0.2334, ξ = 3.052 and h = 0.6901. The case where the interaction is only taken into account
in the background equations and δΛ = Qˆ = fˆ = 0 is almost identical with the general case with
δΛ 6= 0, Qˆ 6= 0 and fˆ 6= 0 except at the largest scales.
compare the results with those of the ΛCDM model. FIG. 6 shows the dependence of the
matter power spectrum on ξ for wΛ = −1. Differences from ξ = 3 result in increasing
or decreasing powers on large scales together with corresponding distortions of the shape at
BAO scales which do not match the large-scale structure observations. The calculated matter
distribution is generally different from the observed galaxy distribution. We leave a thorough
statistical analysis of the matter power spectrum, including issues of bias, for future work.
Under [59] one finds a movie that shows the impact of variation in ξ on the matter power
spectrum.
V. CONCLUSIONS
Our main result is the calculation of the CMB spectrum in dependence of the model
parameter ξ where any value ξ 6= 3 represents a deviation from the standard ΛCDM model
due to a non-linear, non-gravitational interaction between DM and DE with wΛ = −1. The
details of the result are preliminary in the sense that we also made use here of some of the
best-fit values for the ΛCDM model itself. Our study can be seen as a first step towards a
more accurate future analysis, avoiding “contamination” by the ΛCDM model. On the basis
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FIG. 5: Change of the CMB spectrum for ξ = 3 if wΛ 6= −1. For wΛ > −1 the height of the first
peak is reduced, for wΛ < −1 it is enhanced. The position of the first peak is almost unchanged. The
higher peaks do change both in height and position.
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FIG. 6: Matter power spectrum P (k) for different values of ξ. The case ξ = 3 corresponds to the
ΛCDM model.
of the Planck data we find the best-fit values ξ = 3.052 and Ωc0 = 0.2334 which coincide
with the standard model at the 2σ confidence level. The CMB data allow us to constrain
the parameter ξ with considerably higher precision than the SNIa data of the JLA sample
and BAO data points do. In this context we clarified that the mere position of the first peak
18
is not a suitable criterion for assessing a model. We also included a qualitative discussion of
the change of the spectrum for wΛ 6= −1. Perturbations of the DE component where shown
to be negligible, except, perhaps, on extremely large scales. Furthermore, we illustrated the
influence of variations in ξ on the matter power spectrum. An advanced more complete
analysis which is independent of standard-model results will be the subject of future work.
Acknowledgement: Financial support by CAPES, FAPES and CNPq (Brazil) is gratefully
acknowledged. WSHR was supported by FAPES (BPC No476/2013) at the begining of this
work. This work has made use of the computing facilities of National Center for Supercomput-
ing (CESUP/UFRGS), and of the Laboratory of Astroinformatics (IAG/USP, NAT/Unicsul),
whose purchase was made possible by the Brazilian agency FAPESP (2009/54006-4) and the
INCT-A.
[1] T. Buchert, A.A. Coley, H. Kleinert, B.F. Roukema and D.L. Wiltshire, Observational challenges
for the standard FLRW model, Int.J.Mod.Phys. D 25, 1630007 (2016); arXiv:1512.03313.
[2] M. O¨zer and M.O. Taha, A possible solution to the main cosmological problems, Phys.Lett.B
171, 363 (1986).
[3] M. O¨zer and M.O. Taha, A model of the universe free of cosmological problems, Nucl.Phys.B
287, 776 (1987).
[4] O. Bertolami, Time-dependent cosmological term Nuovo Cimento Soc. Ital. Fis. B93, 36 (1986);
[5] K. Freese, F.C. Adams, J.A. Frieman and E. Mottola, Cosmology with decaying vacuum energy,
Nucl. Phys.B 287, 797 (1987).
[6] Peng Wang and Xin-He Meng, Can vacuum decay in our universe? Class. Quant. Grav. 22, 283
(2005); arXiv:astro-ph/0408495.
[7] B. Wang, Y. Gong and E. Abdalla, Transition of the dark energy equation of state in an inter-
acting holographic dark energy model, Phys. Lett. B 624, 141 (2005); hep-th/0506069.
[8] H.A. Borges and S. Carneiro, Friedmann cosmology with decaying vacuum density, Gen. Rel.
Grav. 37, 1385 (2005); gr-qc/0503037.
[9] C.-G. Park, J. Hwang, J. Lee and H. Noh, Roles of Dark Energy Perturbations in Dynamical Dark
Energy Models: Can We Ignore Them? Phys. Rev. Lett. 103, 151303 (2009); arXiv:0904.4007
[10] M.B. Gavela, L. Lopez-Honorez, O. Mena and S. Rigolin, Dark Coupling and Gauge Invariance,
JCAP 1011, 044 (2010) arXiv:1005.0295.
[11] W. Zimdahl, H.A. Borges, S. Carneiro, J.C. Fabris and W.S. Hipo´lito-Ricaldi, Non-adiabatic
perturbations in decaying vacuum cosmology, JCAP 1104, 028 (2011); arXiv:1009.0672.
19
[12] A. Mehrabi, S. Basilakos and F. Pace, How clustering dark energy affects matter perturbations,
MNRAS 452, 2930 (2015); arXiv:1504.01262
[13] D.G.A. Duniya, Dark energy homogeneity in general relativity: Are we applying it correctly?
Gen. Rel. Grav. 48, 52 (2016); arXiv:1505.03436.
[14] S. Das, P.S. Corasaniti, and J. Khoury, Superacceleration as the signature of a dark sector
interaction, Phys. Rev. D 73, 083509 (2006) ; astro-ph/0510628.
[15] C. Wetterich, Cosmology and the fate of dilatation symmetry, Nucl. Phys. B 302, 668 (1988);
Astron. Astrophys. 301, 321 (1995).
[16] A. P. Billyard and A.A. Coley, Interactions in scalar field cosmology Phys. Rev. D 61, 083503
(2000); arXiv:astro-ph/9908224.
[17] L. Amendola, Coupled quintessence, Phys. Rev. D 62, 043511 (2000); arXiv:astro-ph/9908023.
[18] W. Zimdahl, D. Pavo´n and L.P. Chimento, Interacting quintessence, Phys. Lett. B 521, 133
(2001).
[19] L.P. Chimento, A.S. Jakubi, D. Pavo´n, and W. Zimdahl, Interacting quintessence solution to the
coincidence problem, Phys. Rev. D 67, 083513 (2003); arXiv:astro-ph/0303145.
[20] Rong-Gen Cai and Anzhong Wang, Cosmology with interaction between phantom dark energy
and dark matter and the coincidence problem, JCAP 0503, 002 (2005); arXiv:hep-th/0411025.
[21] Jian-Hua He and Bin Wang, Effects of the interaction between dark energy and dark matter on
cosmological parameters JCAP 0806, 010 (2008); arXiv:0801.4233.
[22] J. Valiviita, E. Majerotto, R. Maartens, Large-scale instability in interacting dark energy and
dark matter fluids, JCAP 0807:020,2008; arXiv:0804.0232.
[23] M.B. Gavela, L. Lopez-Honorez, O. Mena and S. Rigolin, Dark coupling, JCAP 0907, 034 (2009)
, Erratum-ibid.1005:E01,2010; arXiv:0901.1611.
[24] J. Valiviita, R. Maartens and, E. Majerotto, Observational constraints on an interacting dark
energy model, Mon. Not. R. Astron. Soc. 402, 2355-2368 (2010); arXiv:0907.4987.
[25] L.L. Honorez, B.A. Reid, O. Mena, L. Verde and R. Jimenez, Coupled dark matter-dark energy
in light of near Universe observations, JCAP 1009, 029 (2010), arXiv:1006.0877.
[26] V. Salvatelli, A. Marchini, L. Lopez-Honorez and O.Mena, New constraints on Coupled Dark
Energy from the Planck satellite experiment, Phys. Rev. D 88, 023531 (2013); arXiv:1304.7119.
[27] Timothy Clemson, Kazuya Koyama, Gong-Bo Zhao, Roy Maartens and Jussi Va¨liviita, Interact-
ing dark energy: Constraints and degeneracies, Phys. Rev. D 85, 043007 (2012); arXiv:1109.6234.
[28] Yun-He Li, Jing-Fei Zhang and Xin Zhang, Parametrized Post-Friedmann Framework for Inter-
acting Dark Energy, Phys. Rev. D 90, 063005 (2014); arXiv:1404.5220.
[29] V. Faraoni, J.B. Dent and E.N. Saridakis, Covariantizing the interaction between dark energy
and dark matter, Phys. Rev. D 90, 063510 (2014); arXiv:1405.7288.
[30] A. Romero Fun˜o, W.S. Hipo´lito-Ricaldi, W. Zimdahl, Matter perturbations in scaling cosmology,
MNRAS 457, 2958 (2016); arXiv:1409.7706.
20
[31] V. Marra, Coupling dark energy to dark matter perturbations, Phys.Dark Univ. 13, 25 (2016);
arXiv:1506.05523.
[32] M. Szydlowski, A. Stachowski, Cosmological models with running cosmological term and decaying
dark matter, arXiv:1508.05637.
[33] I. Odderskov, M. Baldi, L. Amendola, The effect of interacting dark energy on local measurements
of the Hubble constant, JCAP 1605, 035 (2016); arXiv:1510.04314.
[34] M. Bouhmadi-Lo´pez, J. Morais, and A. Zhuk, The late Universe with non-linear interaction in
the dark sector: the coincidence problem, Phys.Dark Univ. 14, 11 (2016); arXiv:1603.06983.
[35] A.A. Costa, Xiao-Dong Xu, Bin Wang and E. Abdalla, Constraints on interacting dark energy
models from Planck 2015 and redshift-space distortion data, arXiv:1605.04138.
[36] R.J. F.Marcondes, R.C.G. Landim, A.A. Costa, Bin Wang and E. Abdalla, Analytic study of the
effect of dark energy-dark matter interaction on the growth of structures, arXiv:1605.05264.
[37] Lu Feng, Xin Zhang, Revisit of the interacting holographic dark energy model after Planck 2015,
arXiv:1607.05567.
[38] A. Lewis, A. Challinor and A. Lasenby, Efficient Computation of CMB anisotropies in closed
FRW models, Astrophys. J. 538, 473 (2000).
[39] C. Ma and E. Bertschinger, Cosmological perturbation theory in the synchronous and conformal
Newtonian gauges, Astrophys. J. 455, 7 (1995); arXiv:astro-ph/9506072.
[40] G.F.R. Ellis, Gen. Relativ. Grav. 41, 581 (2009), (reprint of G.F.R. Ellis in: R.K. Sachs (ed.),
Proceedings of the International School of Physics “Enrico Fermi”, Course 47: General relativity
and cosmology, pp. 104 - 182. Academic Press, New York and London (1971).)
[41] N. Dalal, K. Abazajian, E. Jenkins, and A.V. Manohar, Testing the cosmic coincidence problem
and the nature of dark energy, Phys. Rev. Lett. 86, 1939 (2001); arXiv:astro-ph/0105317.
[42] W. Zimdahl and D. Pavo´n, Scaling cosmology, Gen.Rel.Grav. 35, 413 (2003); arXiv:astro-
ph/0210484.
[43] D. Pavo´n, S. Sen and W. Zimdahl, Cosmic microwave background constraints on interacting
cosmological models, JCAP 0405, 009 (2004); arXiv:astro-ph/0402067.
[44] Y. Chen, Z.-H. Zhu, J.S. Alcaniz and Y. Gong, Using a phenomenological model to test the
coincidence problem of dark energy, ApJ. 711, 439 (2010); arXiv:1001.1489.
[45] D.R. Castro, H.E.S. Velten and W. Zimdahl, Scaling cosmology with variable dark-energy equa-
tion of state, JCAP 1206, 024 (2012); arXiv:1201.0850.
[46] H. A. Borges, S. Carneiro, J. C. Fabris, Evolution of density perturbations in decaying vacuum
cosmology: The case of non-zero perturbations in the cosmological term, Phys. Rev. D 78, 123522
(2008).
[47] M. Betoule et. al., Improved cosmological constraints from a joint analysis of the SDSS-II and
SNLS supernova samples, Astron.Astrophys. 568, A22 (2014); arXiv:1401.4064.
[48] F. Beutler et al., The 6dF Galaxy Survey: Baryon Acoustic Oscillations and the Local Hubble
21
Constant. Mon.Not.R.Astron Soc. 416, 3017 (2011).
[49] L. Anderson et al., The clustering of galaxies in the SDSS-III Baryon Oscillation Spectro-
scopic Survey: baryon acoustic oscillations in the Data Releases 10 and 11 Galaxy samples,
Mon.Not.R.Astron.Soc. 441, 24 (2014).
[50] X. Xu, N. Padmanabhan, D.J. Eisenstein, K.T. Mehta, A.J.A. Cuesta, 2% Distance to z = 0.35
by reconstructing baryon acoustic oscillationsII: Fitting techniques, Mon.Not.R.Astron. Soc. 427,
2146 (2012).
[51] C. Blake et al., The WiggleZ Dark Energy Survey: Joint measurements of the expansion and
growth history at z < 1, Mon.Not.R.Astron.Soc. 425, 405 (2012).
[52] P.A.R. Ade et al. [Planck Collaboration], Planck 2015 results. XIII. Cosmological parameters,
arXiv:1502.01589.
[53] P.A.R. Ade et al. [Planck Collaboration], Planck 2013 results. XV. CMB power spectra and
likelihood, Astron.Astrophys. 571, A15 (2014); arXiv:1303.5075.
[54] D.J. Eisenstein, I. Zehavi, D.W. Hogg et al., Detection of the Baryon Acoustic Peak in the Large
Scale Correlation Function of SDSS Luminous Red Galaaxies , ApJ 633, 560 (2014).
[55] H. Kodama and M. Sasaki, Cosmological perturbation theory, Prog. Theor. Phys. Suppl. 78, 1
(1984).
[56] G. Ballesteros and J. Lesgourgues, Dark energy with non-adiabatic sound speed: initial conditions
and detectability, JCAP 1010:014 (2010).
[57] M. Tegmark, http://space.mit.edu/home/tegmark/movies.html
[58] D. Wands, O.F. Piattella and L. Casarini, Physics of the Cosmic Microwave Background Radia-
tion in The Cosmic Microwave Background, J.C. Fabris, O.F. Piattella, D.C. Rodrigues, H.E.S.
Velten and W. Zimdahl (eds.), Springer Astrophysics and Space Science Proceedings Volume 45
2016; arXiv:1504.06335.
[59] http://www.cosmo-ufes.org/luciano-casarini.html
22
